Relative entropy of two states of a von Neumann algebra is defined in terms of the relative modular operator. The strict positivity, lower semicontinuity, convexity and monotonicity of relative entropy are proved. The Wigner-Yanase-Dyson-Lieb concavity is also proved for general von Neumann algebra. § 1. 
§ 1. Introduction A relative entropy (also called relative information, see [12] , [14] ) is a useful tool in the study of equilibrium states of lattice systems ([2] , [4] , [6] ). For normal faithful positive linear functional </> and \l/ of a von Neumann algebra 9W, the relative entropy is defined by (1.6)
where 1%$ and JE^ denote the restrictions of $ and i// to a von Neumann subalgebra 91 of 9M, and 91 is assumed to be one of the following: (Case a) 91 = 91' n 2B for a finite dimensional abelian von Neumann subalgebra 91 of 2R.
(Case P) 9Jl=9l®9l l8 (Case 7) 91 is approximately finite (i.e. generated by an increasing net of finite dimensional subalgebras). This case includes any finite dimensional 91.
In the proof of convexity, we prove that For connection of these general results with finite matrix inequalities, see [7] . §2 0 Strict Posltivity and Lower Semi-Continuity We shall take $ and W to be unique vector representatives of 0 and \// in a fixed natural positive cone V=V^=V 0 ([3] Since the numerical function log a is concave,
for any positive measurable function a(A) of Ae(0, oo) and any probability measure /i on (0, oo). By taking a(A) = A ! / 2 and 2 , the inequality (2.4) with log a(A) = (log A)/2 yields (2.5) By Schwartz inequality, (2.6) Hence the right-hand side of (2.5) is non-negative when 0(1) = ^(1) and the equality holds only if the equality holds in (2.6), namely only if $ = !F. This proves the strict positivity. (An alternative proof follows from logA^/l-1.)
To prove lower semicontinuity, let 4> n , 0, \l/ n and \l/ be normal faithful positive linear functionals of 9K such that (2. 7) lim ||0 B -0|| =0, lim ||^B-^|| =0. We now start deriving some equations useful in our proof of WYDL concavity (cf. [5] ).
If /l^rg^ with A>0 (and only in such a case), (D0: D\f/) t has an analytic continuation in t to the strip O^InU^-1/2. In other words there exists an 931-valued function a^(z) of z in the tube region (3.6) {z;O^Rez^l} such that o^(z) is strongly continuous in z on (3.6), holomorphic in z in the interior of (3. When we apply this on W, the resulting equation has the following analytic continuation :
which reduces to (3.19) (applied on *F) when z 1 and z 2 are pure imaginary and hence holds when z l5 -z 2 and z t + z 2 are all in (3.6). If we set z 1 = l and z 2 = z -1 with Of^Rezrgl, we obtain If we use (3.18), we also obtain n exactly same way as the proof of the lower semicontinuity (see (2.9), (2.10), (2.11) and (2.12)), we have From the definition (6.10) and the properties (6.7), (6.8), and (6.9), it follows that (6.11) ^^j^uaa^.^^l/z 2 !..).^.-.)-From (6.8) and (6.11), we obtain (6.6).
Q.E.D.
We now prove the case a. Let E 1 ...E n be minimal projections of 21 such that IEj = l. Let This proves the monotonicity for the case 5R = 5l' nSOl with a finite dimensional commutative subalgebra 91. §7o Monotonicity for Case j8
We start from a special case and gradually go to a general case.
(1) Commutative finite dimensional 91^: Let E^...E n be the minimal projections of 9^ such that 1*1^ = 1. Since 9l ± is in the center of 9JI, Ej are invariant under any modular automorphisms. Consequently, we have (7.1) § = !% §, From (7.2) and (7.3), we have
We also have (7.6) By convexity we have
where we have used the homogeneity (7.8)
(2) Commutative 9l l : Let 9I a be the increasing net of all finite dimensional subalgebra of 9^. By Lemma 3, we have (7) (8) (9) By the previous case, we have The 4 -mapping extends to a normal expectation from 9109^ to 5R®3 satisfying (x®y)* = x®y*. Correspondingly p is defined for functionals on 9l®5Fl ls Since products of normal linear functional are total in norm topology, we also can approximate pcj> k by Zhjcfrjoaij simultaneously for fc = l, 2, where oCj is an inner automorphism by elements in 5F1 10 By lower semi-continuity, convexity, and Lemma 5, where 91® 3 is elementwise invariant under 4 -mapping and hence =^K ®80' % combining (7.13), (7.14) and the previous case (2), we obtain the monotonicity for the present case. Proof. Let $ and $ be given by (4.10) and (4.12). Then $ is invariant under automorphisms g®c on SDt®9W 2 for all ge^. Hencê ®r commutes with erf. This implies that 5ft® 9M 2 which is the set of (^®f)-in variant elements of 9K®9K 2 is erf invariant as a set. By the same proof as Lemma 4, we obtain (7.21). §8 0 Monotonicity for Case f First we consider finite dimensional 91. Let E 1? ... S E M be the minimal projections of the center of 5ft satisfying ZE -1, Since 9l = {E lv .., EJ" is commutative 9 we have (8.1) for ai^ar'
The algebra ^ is a direct sum of W^-and each WjEj is a tensor product (5ft£j)®{(5ft'n Wi)^-}. Let <t> kj be the restriction of $ k to St^j, where Ej is the identity. As in (7.5), we have The case of general approximately finite algebra 91 can be deduced from the case of finite dimensional 91 by using Lemmas 2 and 3 just as in the proof of case /?(2).
